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Abstract
The Machian cosmological solution satisfying φ = O(ρ/ω) in the
generalized scalar-tensor theory of gravitation with the varying cosmo-
logical constant is summarized. The scalar field ϕ with the exponential
potential is introduced as dark matter and the barotropic evolution
of matter in the universe is discussed. As the universe expands, the
coefficient γ of the equation of state approaches to −1/3 and the cou-
pling function ω(φ) diverges to −∞.
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It is believed that the field equations of the Brans-Dicke theory [1] coincide
with those of the Einstein theory with the same energy-momentum tensor
when the coupling parameter ω goes to the infinity, but this is generally
not true [2]-[4]. We proposed the postulate in the Machian point of view:
The scalar field of a proper cosmological solution should have the asymptotic
form φ = O(ρ/ω) when ω is large enough and should converge to zero in the
continuous limit ρ/ω → 0 (the Machian solution) [4]. We proved that the
Machian solution necessarily satisfies the relation GM/R = const for the
homogeneous and isotropic universe [5].
We extended the Machian solution to the case of a perfect fluid with
the negative pressure [6] (see also [15]). This solution shows that the time-
variation of the gravitational constant vanishes in the limit of γ = −1/3
and suggests that the coupling parameter ω of the Brans-Dicke scalar field
should vary in time. We investigated various possibilities of the coupling
function ω(φ) in the generalized scalar-tensor theory of gravitation [7]-[9]
and obtained ω(φ) = η/(ξ − 2) to support the reasonable Machian solution
[10]. In this cosmological model, the coefficient of the expansion parameter
and the scalar field φ converge to constants respectively as the parameter
ξ → 2 (γ → −1/3). When ξ → 2, the coupling function ω(φ) diverges
to the minus infinity and the gravitational constant approaches dynamically
to the constant G
∞
. Moreover, if we require the particular form of the
cosmological constant, the similar Machian cosmological solution exists in
the generalized scalar-tensor theory of gravitation and the universe shows
the slowly accelerating expansion at present [11], which is compatible with
the recent measurements [12] of the distances to type Ia supernovae.
In this short note, we discuss the scalar field ϕ as dark matter and the
evolution of matter in the universe after summarizing the Machian cosmolog-
ical solution in the (modified) generalized scalar-tensor theory of gravitation
with the varying cosmological constant. Let us start the following action
S =
∫
d4x
√−g
{
−φ [R + 2λ(φ, φ, µφ, µ)] + 16πLm − ω(φ)
φ
gµνφ, µφ, ν
}
,
(1)
where ω(φ) is an arbitrary coupling function and the cosmological constant
is given as
λ(φ, φ, µφ
, µ) ≡ 1
2
λ1φ, µφ
, µ/φ2 . (2)
The action Eq.(1) is equivalent to that of the generalized scalar-tensor theory
without the cosmological constant after replacing ω(φ)→ [ω(φ) + λ1].
The energy-momentum tensor Tµν of matter for the perfect fluid is in
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general described as
Tµν = −pgµν − (ρ+ p)uµuν , (3)
and the conservation law of the energy-momentum T µν;ν = 0 gives the equation
of continuity ρ˙ + 3 (a˙/a) (ρ+ p) = 0. Assuming the barotropic equation of
state
p(t) = γρ(t) , −1 ≦ γ ≦ 1/3 , (4)
we get
ρ(t)an(t) = const , (5)
where n = 3(γ + 1).
We are interested in the closed model (k = +1) and the line element for
the Friedmann-Robertson-Walker metric is
ds2 = −dt2 + a2(t)[dχ2 + sin2 χ(dθ2 + sin2 θdϕ2)] . (6)
We obtain the independent field equations
3
a2
(
a˙2 + 1
)
=
[ω(φ) + λ1]
2
(
φ˙
φ
)2
+
φ¨
φ
+
+
8πρ
φ
− 8π (ρ− 3p)
3 + 2 [ω(φ) + λ1]
1
φ
(7)
and
φ¨+ 3
a˙
a
φ˙ =
1
3 + 2 [ω(φ) + λ1]
[
8π (ρ− 3p)− dω(φ)
dφ
φ˙2
]
. (8)
We require the particular coupling function
ω(φ) ≡ η
ξ − 2 , (9)
where ξ = 1 − 3γ or ξ = 4 − n, η is a constant, and this gives dω/dφ = 0.
We introduce another scalar function Φ(t) by
φ(t) =
8π
3 + 2 [ω(φ) + λ1]
Φ(t) (10)
for the Machian solution satisfying φ = O(ρ/ω) and the same relation be-
tween φ˙(t) and Φ˙(t), which is guaranteed for the very slow time-variation
or the large value of ω. From Eqs.(7) and (8), we find that the expansion
parameter has the form
a(t) ≡ A(ω)α(t) , (11)
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where
3
A2(ω)
=
∣∣∣∣ω(φ)2 +B
∣∣∣∣ . (12)
Thus the field equations has a solution
Φ(t) = ζρ(t)t2 , α(t) = bt , (13)
with
ζ = 1/(ξ − 2) , (14)
b =
{
(4− ξ2)−1/2 , for ω/2 +B < 0 and 0 ≦ ξ < 2
(ξ2 − 4)−1/2 , for ω/2 +B > 0 and 2 < ξ ≦ 4 , (15)
and
B =
λ1
2
− 3
(ξ − 2)(ξ + 2) . (16)
There is a discontinuity at ξ = 2 and we restrict to the range 0 ≦ ξ < 2 owing
to the evolutionary continuity from ξ = 0 (the radiation era) and ξ = 1 (the
dust-dominated era).
Both the coupling function ω(φ) = η/(ξ − 2) for 0 ≦ ξ < 2 and the
constraint ω(φ)/2 +B < 0 lead necessarily to η > 0 and ω < 0. We require
η > 3 to avoid the singularity (ω < −3/2). We find the expansion parameter
a(t) and its asymptotic form when ξ → 2
a(t) = [6/f(ξ)]1/2 t ∼=
√
3/(2η − 3) t , (17)
where the quadratic function f(ξ) ≡ λ1(ξ−2)(ξ+2)+η(ξ+2)−6. The value
η = 3 gives the expansion parameter a(t) = t (light velocity) when ξ → 2. If
we require λ1 < 0 and 0 ≦ −η/λ1 < 2, the universe (the closed space) shows
the slowly accelerating expansion for the period −η/λ1 ≦ ξ < 2.
We find the scalar field φ(t) and its asymptotic form when ξ → 2
φ(t) =
8πρ(t)t2
(3 + λ1) (ξ − 2) + 2η
∼= 4πρ(t)t
2
η
→ const , (18)
which converges to a definite and finite constant in the limit. As the param-
eter ξ → 2, the coupling function ω(φ) diverges to −∞ and the gravitational
constant approaches dynamically to G
∞
. The cosmological constant λ(t) de-
creases rapidly in proportion to t−2 as the universe expands and converges
to zero when ξ → 2:
λ(t) =
λ1
2
(
φ˙
φ
)2
∝ (ξ − 2)
2
t2
→ 0 . (19)
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When ξ → 2 (t→ +∞), the abnormal term ω(φ)a2
(
φ˙/φ
)2
vanishes and the
generalized scalar-tensor theory of gravitation reproduces the correspondent
solution of general relativity with the same energy-momentum tensor, that
is, the Friedmann universe with a¨(t) = 0, λ(t) = 0, and p = −ρ/3.
Let us introduce a scalar field ϕ as dark matter to complete the physical
evolution of matter in the universe, of which the Lagrangian is given as
Lϕ = −(1/2)gµνϕ, µϕ, ν + V (ϕ) . (20)
The energy-momentum tensor T ϕµν derived from this Lagrangian is
T ϕµν = −ϕ, µϕ, ν + (1/2)gµνϕ, λϕ, λ + gµνV (ϕ) , (21)
and the field equation of the scalar field ϕ(t) is
ϕ¨+ 3
a˙
a
ϕ˙+
dV
dϕ
= 0 . (22)
Let us require a scalar potential V (ϕ) (see [13]):
V (ϕ(a)) ≡ V0/a2 > 0 . (23)
Taking this potential and the expansion parameter a(t) = Abt into account,
we find a solution of Eq.(22)
ϕ(a) =
(√
V0/Ab
)
ln a , (24)
and thus we obtain the exponential potential of the scalar field ϕ
V (ϕ) = V0 exp
[
−
(
Ab/
√
V0
)
ϕ
]
. (25)
The density of the scalar field ϕ is given as
ρϕ = (1/2)ϕ˙
2 + V (ϕ) = (3/2)
(
V0/a
2
) ∝ t−2 , (26)
and the pressure is
pϕ = (1/2)ϕ˙
2 − V (ϕ) = −(1/2) (V0/a2) . (27)
Thus, we get the relation pϕ = −(1/3)ρϕ and may regard the scalar field
ϕ as a perfect fluid with the barotropic equation of state Eq.(4). It should
be noted that the above Machian cosmological solution produces no changes
by introducing the scalar field ϕ. Let us suppose that the total matter of
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the universe consists of the radiation (density ρr, γ = 1/3), the dust-matter
(density ρm, γ = 0), and the scalar field ϕ (density ρϕ, γ = −1/3) for
simplicity:
ρ = ρr + ρm + ρϕ . (28)
The densities ρr, ρm, and ρϕ satisfy the conservation laws ρra
4 = ρr0a
4
0,
ρma
3 = ρm0a
3
0 , and ρϕa
2 = ρϕ0a
2
0 respectively, where a subscript 0 denotes
the present value. The total pressure is
p = pr + pm + pϕ , (29)
and satisfies the equation state p = γ(t)ρ.
We find a time when the total pressure vanishes (ξ = 1)
a =
√
ρr0/ρϕ0 a0 . (30)
When ρr ≪ ρm ≪ ρϕ, which is valid enough at present, we get
ǫ ≡ 2− ξ ∼= ρm0
ρϕ0
a0
a
. (31)
Taking |ω| ∼ 103 [14] and η ≈ 3 into account, we obtain ǫ ∼ 10−3 from Eq.(9),
and thus find ρm0/ρϕ0 ∼ 10−3 at present. If we adopt ρr0/ρm0 ∼ 10−3, we
get a ∼ 10−3a0 for the time ξ = 1. It is interesting that it is the time when
the hydrogen-recombination finished in the universe. As the critical density
ρc ∼ 10−29 g.cm−3 leads to the valid gravitational constant [10], we may
adopt ρϕ0 ∼ ρc. In this case, we find ρm0/ρϕ0 ∼ 10−2 and get ǫ ∼ 10−2, which
gives |ω| ∼ 103 with η ≈ 10. When the expansion parameter a(t) → +∞
(t → +∞), the parameter ξ surely approaches to 2, the final state of the
universe.
Our universe started (classically) from the Big Bang with ξ = 0 (the
radiation era), passed the dust-dominated era (ξ = 1) rapidly in the early
stage, and has been staying the negative pressure era (ξ ≈ 2) for the almost
all period of 1010yr. The barotropic state of the universe has been varying
extremely slowly from ξ = 0 to ξ ≈ 2. At t ∼ 5×109 yr, the parameter ǫ was
2 × 10−3, and thus the gravitational constant was almost G
∞
as the same
value at present. This situation saves the evolution of life in the Earth in
relation to the nuclear fusion of the Sun. Finally, the universe will approach
to the state of ξ = 2 (γ = −1/3) as it expands for ever.
As a result of the barotropic evolution of matter in the universe, the
coupling function ω(φ) diverges to the minus infinity when t → +∞ and
the gravitational constant approaches dynamically to the constant G
∞
. The
cosmological constant λ(t) decreases in proportion to t−2 and converges to
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zero when t → +∞. The generalized scalar-tensor theory of gravitation
reduces dynamically to general relativity. The Machian cosmological model
approaches to the Friedmann universe in general relativity with a¨(t) = 0,
λ(t) = 0, and p = −ρ/3.
The scalar field ϕ play the most important role in the physical evolution
of the universe and in the problem of dark matter. Our conjecture [11] on
the barotropic history of the universe was proved. However, the next puz-
zle arises: Why does the scalar field ϕ have the exponential potential like
Eq.(25)? We also conceive another conjecture: The coupling function ω is
rather derived from the scalar field ϕ.
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